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Abstract—In this paper, a bipartite consensus problem for
a multi-agent system is formulated firstly. Then an event-based
interaction rule is proposed for the multi-agent system with antag-
onistic interactions. The bipartite consensus stability is analyzed
on the basis of spectral properties of the signed Laplacian matrix
associated with multi-agent networks. Some simulation results are
presented to illustrate the bipartite consensus with the proposed
interaction rule.
I. INTRODUCTION
The problem of reaching a consensus among a group of
agents using only local interactions has a long history [1], [2]
and in recent years it has received a remarkable attention from
different perspectives, such as engineering, computer science,
biology, ecology and social sciences [3], [4], [5], [6], [7].
Till today, a large number of results have been obtained to
solve consensus problem, whose common feature is the focus
on cooperative system. In several real world cases, however,
it is more reasonable to assume that both collaborative and
adversary relationships exist in the multi-agent interactions.
Some examples can be found in social network theory, where
the multi-agent networks have antagonistic relationships [8],
[9]. Very recently, a bipartite consensus problem is investigated
with the help of signed network theory in [10], where all agents
converge to a value which is the same in modulus but different
in sign. Though the interaction rule is Laplacian-like scheme,
but a signed Laplacian matrix associated with the antagonistic
network has some distinctive spectral properties.
In this paper, we consider a bipartite consensus for multi-
agent systems with antagonistic networks by applying an
event-based update strategy. Though some event-triggered con-
sensus controls have been proposed for cooperative multi-
agent systems [11], [12], [13], however, few results can be
found for multi-agent systems with antagonistic interactions.
In this paper, the bipartite consensus stability of the multi-
agent system is analyzed for undirected and directed signed
networks, respectively. Simultaneously, a positive lower bound
is given for the inter-event times.
The rest of this paper is organized as follow. Section II
presents some notations in signed graph theory and formulates
a bipartite consensus problem. Then an event-based consensus
strategy is proposed to solve the bipartite consensus problem
in Section III. Some numerical examples are given in Section
IV and a summary of the results is concluded in Section V.
II. PRELIMINARIES AND PROBLEM FORMULATION
In this section, some basic concepts and notations in the
signed graph theory will be firstly introduced. Then, an event-
based consensus problem will be formulated for a multi-agent
systems with antagonistic interactions.
A. Signed Graph Theory
A signed graph is a triple G = {V , E ,A}, where V =
{v1, v2, . . . , vn} is a set of nodes with the indices belonging
to a finite index set N = {1, 2, . . . , n}, E ⊆ V × V is a set
of edges, and A = [aij ] ∈ Rn×n is an adjacency matrix of
the weighted graph. If the edge (i, j) ∈ E , then the element
aij of A is nonzero. G is called simple if it has no loops or
multiple edges. A (directed) path is a sequence of edges in
a (directed) graph of the form (i1, i2), (i2, i3), · · · , (il−1, il)
with distinct nodes. If there is a (directed) path between every
two distinct nodes, G is said to be (strongly) connected. A
semipath is defined as a sequence of nodes i1, · · · , il such
that (iκ, iκ−1) or (iκ−1, iκ) belongs to the set E . A (directed)
cycle is a (directed) path beginning and ending with the same
nodes i1 = il. A semicycle is a semipath with identical
starting and ending nodes. For the signed graph G, there exists
a signal mapping σ : E → {+,−} such that the edge set
E = E+ ∪ E−. The sets of positive and negative edges can be
denoted by E+ = {(i, j)|aij > 0} and E− = {(i, j)|aij < 0},
respectively. In this paper,we assume that the weights between
nodes vi and vj satisfy aijaji ≥ 0. The neighbor index
set of node vi is denoted by Ni = {j ∈ N|(vi, vj) ∈
E}. Define the row connectivity matrix and the column
connectivity matrix Cr = diag{cr,1, cr,2, . . . , cr,n}, Cc =
diag{cc,1, cc,2, . . . , cc,n} where cr,i =
∑
j∈Ni
|aij | and cc,i =
∑
j∈Ni
|aji|, respectively. Obviously,Cr = Cc for undirected
graphs. For directed graphs, if Cr = Cc, the directed graph
G is said to be weight balanced. The signed Laplacian matrix
of a directed signed graph G is defined as
L = Cr −A (1)
which is an asymmetric matrix generally. For the undirected
graph G, the signed Laplacian matrix is defined analogously,
however, is a symmetric matrix.
Definition 1: A signed graph G is said to be (strongly)
connected if there is a (directed) path between every two
distinct nodes.
Definition 2: A signed graph G is said to be structurally
balanced if it admits a bipartition of the nodes V1,V2,where
V1 ∪V2 = V and V1 ∩V2 = 0, such that aij ≥ 0 for ∀vi, vj ∈
Vq (q ∈ {1, 2}) and aij ≤ 0 for ∀vi ∈ Vq, vj ∈ Vr, q 6=
r (q, r ∈ {1, 2}). Otherwise, it is said structurally unbalanced.
B. Problem Formulation
Let us consider a group of agents whose dynamics are
described by
x˙i = ui, i ∈ N , (2)
where xi ∈ R is the state of agent i. Assume that the n
agents are belonging to two hostile groups V1 and V2, where
V1∪V2 = V and V1∩V2 = Ø. Thus, it is convenient to describe
the interaction network as a structurally balanced signed graph
G.
In this paper, an event-based consensus problem will be
considered for multi-agent systems with antagonistic interac-
tions. To be specific, all agents update their states only at a se-
ries of event-times, which are determined by the measurement
errors and the thresholds. Suppose that all agents have the same
threshold and there is a sequence of event-times t0, t1, · · · ,
defined for them. Between two consecutive event-times, the
interaction rule keeps a constant, i.e.,
ui(t) = ui(tl), ∀t ∈ [tl, tl+1), l = 0, 1, · · · .
In the networks with antagonistic links, an interaction law is
proposed for agent i by
ui(t) =
∑
j∈Ni
aij
[
xj(tl)− sgn(aij)xi(tl)
]
, l = 0, 1, · · · . (3)
where sgn(·) is a sign function.
III. EVENT-BASED ANTAGONISTIC CONSENSUS
Define a concatenation vector x = col(x1, · · · , xn) ∈
R
mn
. Then the collective dynamics of the n agents have a
compact form by applying the interaction rule (3)
x˙(t) = −Lx(tl), t ∈ [tl, tl+1), l = 0, 1, · · · , (4)
where L is a signed Laplacian matrix defined by (1). Define a
measurement error e(t) = x(tl)− x(t) for t ∈ [tl, tl+1). Then
the system (4) is changed to
x˙(t) = −L
(
x(t) + e(t)
)
, t ∈ [tl, tl+1), l = 0, 1, · · · . (5)
A. Undirected Signed Networks
Lemma 1: If an undirected signed graph G is connected
and structurally balanced, all eigenvalues of the signed Lapla-
cian matrix L, defined by (1), are nonnegative, i.e., λ1(L) =
0, λ2(L) > 0.
When the multi-agent network G is structurally balanced,
all agents can be divided into two subsets V1 and V2. Define
a diagonal matrix D = diag{d1, · · · , dn} such that di = 1 if
i ∈ V1 and di = −1 if i ∈ V2.
Let x˜ = Dx and e˜ = De. Then the system (5) can be
rewritten as follows
˙˜x(t) = −L˜x˜(t)− L˜e˜(t), t ∈ [tl, tl+1), l = 0, 1, · · · , (6)
where L˜ = DLD.
According to Lemma 1, when the network is undirected,
the signed Laplacian matrix L is a symmetric positive semi-
definite matrix. Thus, a candidate ISS Lyapunov function is
chosen for the multi-agent system (6):
V (x˜) =
1
2
x˜T L˜x˜. (7)
The derivative of V (x) along the system (6) is:
V˙ = −x˜T L˜L˜
(
x˜+ e˜
)
= −‖L˜x˜‖2 − x˜T L˜L˜e˜
≤ −‖L˜x˜‖2 + ‖L˜x˜‖‖L˜‖‖e˜‖
In order to guarantee V˙ ≤ 0,enforcing e to satisfy
‖e˜‖ ≤ σ
‖L˜x˜‖
‖L˜‖
where σ ∈ (0, 1). Then we have
V˙ ≤ (σ − 1)‖L˜x‖2
It is negative for ‖L˜x‖ 6= 0.
Hence the event-trigger condition can be taken as
‖e˜‖ = σ
‖L˜x‖
‖L˜‖
. (8)
Theorem 1: Consider a multi-agent system x˙ = u with the
event-based interaction law (3). Assume the undirected graph G
is connected and structurally balanced. Then all agents achieve
average bipartite consensus, i.e.,
lim
t→∞
x(t) =
1
n
1
TDx(0)D1.
Proof: On the one hand, since V˙ ≤ (σ − 1)‖L˜x˜‖2, we
have lim
t→∞
L˜x˜(t) = 0. On the other hand, since G is connected
and structurally balanced, x˜ will approach to 1
n
1
T x˜(0)1 as
time goes to infinity. Then it is not difficult to follow that
lim
t→∞
x(t) = 1
n
1
TDx(0)D1 and, furthermore, lim
t→∞
xi(t) =
1
n
|1TDx(0)|. The proof is thus completed.
The event-based update schedule of the proposed interac-
tion protocol (3) has a positive lower bound on the inter-event
times, which is stated as below without proof:
Theorem 2: Consider a multi-agent system x˙ = u with the
event-based interaction law (3). If the graph G is connected and
structurally balanced. Then the inter-event times {tl+1 − tl}
are lower bounded by
τ =
σ
‖L˜‖(1 + σ)
. (9)
B. Directed Signed Networks
Lemma 2: If a directed signed graph G is strongly con-
nected and structurally balanced, all eigenvalues of the signed
Laplacian matrix L have nonnegative real-parts and 0 is a
simple eigenvalue.
Take a analogous variable change x˜ = Dx and e˜ = De.
Then one has the following closed-loop multi-agent system:
˙˜x(t) = −L˜x˜(t)− L˜e˜(t) (10)
Let y = L˜x. One has y˙ = −L˜(y + L˜e˜).
A candidate ISS Lyapunov function is given as
V (y) =
1
2
yT y. (11)
The derivative of V (y) is
V˙ (y) = −yT L˜y − yT L˜2e˜.
Define L˜s = 1
2
(
L˜+ L˜T
)
. Then,
V˙ (y) = −yT L˜sy − yT L˜2e˜
≤ −λ2(L˜
s)‖y‖2 + ‖y‖‖L˜‖‖L˜e˜‖.
In order to guarantee V˙ ≤ 0, enforcing L˜e˜ to satisfy
‖L˜e˜‖ ≤ σλ2(L˜
s)
‖y‖
‖L˜‖
(12)
where σ ∈ (0, 1). Then we have
V˙ ≤ (σ − 1)λ2(L˜
s)‖y‖2.
It is negative for y = L˜x 6= 0. Hence the event-trigger function
is:
‖L˜e‖ = σλ2(L˜
s)
‖L˜x‖
‖L˜‖
. (13)
Then another main result follows.
Theorem 3: Consider a multi-agent system x˙ = u with
the event-based interaction law (3). Assume the directed graph
G is strongly connected and structurally balanced. Then all
the agents achieve a bipartite consensus,i.e., limt→∞ x(t) =
αTDx(0)D1, where αTDL = 0 and αT1 = 1. At the same
time, the inter-event times {tl+1 − tl} are lower bounded by
τ =
σλ2(L˜
s)
‖L˜‖(‖L˜‖+ σ)λ2(L˜s)
. (14)
Proof: The proof is similar with that in Theorem 1 and
omitted here.
IV. SIMULATION RESULTS
Some simulations are given to illustrate the collective
event-based dynamics of multi-agent systems over a signed
network.
Example 1: Consider an undirected antagonistic network
with ten agents whose Laplacian matrix is given by
L =


3 −1 0 0 0 −1 1 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 0 0 0 0 0 0
0 0 −1 3 −1 0 0 1 0 0
0 0 0 −1 4 −1 1 1 0 0
−1 0 0 0 −1 4 1 1 0 0
1 0 0 0 1 1 5 −1 0 −1
0 0 0 1 1 1 −1 5 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 0 −1 2


Obviously,the agents v1, . . . , v6 and v7, . . . , v10 belong to two
adversary groups. Take σ = 0.9. Ten agents start form random
initial conditions and evolve under the control law (3).
Figure 1 shows the evolution of the error norm in the case
of undirected networks.The blue line represents the evolution
of the error norm ‖e(t)‖, which stays below the threshold
‖e‖max = σ
L˜x
L˜
which is represented by the green line.The
existence of a minimum inter-event time is visible in this
example. Figure 2 shows the evolution of the agents’ state
in the case of undirected networks. The red line represents the
evolution of agents v1, . . . , v6 and the blue line represents the
evolution of agents v7, . . . , v10. All the agents finally converge
to two separate final states.
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Fig. 1. Evolution of the error norm in the case of undirected networks
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Fig. 2. Evolution of the collective state in the case of undirected networks
0 2 4 6 8 10 12 14 16 18 20−5
−4
−3
−2
−1
0
1
t
Y
Fig. 3. Evolution of the y-axis state in the case of undirected networks
Example 2: Consider a directed antagonistic network with
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Fig. 4. Evolution of the error norm in the case of directed networks
ten agents whose signed Laplacian matrix is given as
L =


1 0 0 −1 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0
0 −1 2 0 0 0 0 1 0 0
0 0 0 1 −1 0 0 0 0 0
0 0 0 0 1 −1 0 0 0 0
0 0 −1 0 0 1 0 0 0 0
0 0 1 0 0 0 2 0 −1 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 0 2 −1
0 0 0 0 0 0 0 −1 0 1


Obviously,the agents v1, · · · , v6 and v7, · · · , v10 belong to
two adversary groups. The interaction network G is strongly
connected and structurally balanced. Set σ = 0.9. Ten agents
start form random initial conditions and evolve under the
interaction law (3).
Figure 4 shows the evolution of the error norm in the case
of directed networks. The blue line represents the evolution
of the error norm ‖L˜e‖, which stays below the threshold
‖L˜e‖max = σλ2(L˜s)
L˜x
L˜
. The bound is represented by the
green line. The existence of a minimum inter-event time is
visible in this example. Figure 5 shows the evolution of the
collective state in the case of directed networks. The red line
represents the evolution of agents v1, · · · , v6 and the blue
line represents the evolution of agents v7, · · · , v10.From the
Figure,the nodes finally converge to two separate states.
V. CONCLUSION
In this paper,a new event-based consensus control problem
has been investigated for multi-agent systems with antagonistic
interactions. A bipartite consensus problem was solved by
using an event-based update strategy for agents with co-
operative and adversary relationships. When the multi-agent
network is undirected or directed, some structurally balanced
conditions have been given to ensure all the agents to achieve
a bipartite consensus. At the same time, the evolution of
the measurement error has also been illustrated to validate
the event-based consensus protocols. Future interests include
bipartite consensus over time-varying multi-agent networks.
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Fig. 5. Evolution of the collective state in the case of directed networks
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Fig. 6. Evolution of the y-axis state in the case of undirected networks
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